Tumor is characterized by extensive heterogeneity with respect to its microenvironment and its genetic composition. We extend a previously developed monoclonal continuous spatial model of tumor growth to account for polyclonal cell populations and investigate the interplay between a more proliferative and a more invasive phenotype under different conditions. The model simulations demonstrate a transition from the dominance of the proliferative to the dominance of the invasive phenotype resembling malignant tumor progression and show a time period where both subpopulations are abundant. As the dominant phenotype switches from proliferative to invasive, the geometry of tumor changes from a compact and almost spherical shape to a more diffusive and fingered morphology with the proliferative phenotype to be restricted in the tumor bulk and the invasive to dominate at tumor edges. Different micro-environmental conditions and different phenotypic properties can promote or inhibit invasion demonstrating their mutual importance. The model provides a computational framework to investigate tumor heterogeneity and the constant interplay between the environment and the specific characteristics of phenotypes that should be taken into account for the prediction of tumor evolution, morphology and effective treatment.
Introduction
Tumor is characterized by extensive heterogeneity with respect to its microenvironment and its genetic composition that all play an important role in tumor progression, morphology, drug resistance and effective treatment [1] [2] [3] [4] . Specifically, within tumor, well-vascularized regions providing sufficient nutrients to cancer cells coexist with nutrient-limited regions. In addition to that, there is much evidence to support intra-tumor genetic and functional heterogeneity in many cancer types [5, 6] . In gliomas, for example, the most common brain tumors, differentially expressed genes have been identified in the invading rim and the tumor core and these differences have been phenotypically mapped to two distinct sub-clones, the proliferative cells at the core and the migratory, invasive cells in the rim [7, 8] . Recently, an integrated genomic analysis [9] has also revealed extensive intratumor heterogeneity in glioblastomas at genotype, phenotype and molecular evolution level within the same tumor and showed that spatially distinct tumor samples display different glioblastoma subtypes. The intra-tumor phenotypic heterogeneity has been mainly attributed to increased epigenetic alternations as well as the accumulation of mutations throughout tumor development. Furthermore, it has been also suggested that primary tumors may already consist of genetically heterogeneous populations of cancer cells accommodating even highly aggressive and metastatic phenotypes from their origin [10] . These different cancer populations are in a constant interplay with each other and their microenvironment competing for space, resources and other factors. Their interactions shape the microenvironment, which in turn acts as a selective force on clonal emergence and evolution.
Several mathematical models have been proposed to describe the complex, spatiotemporal evolution of tumors [11, 12] . Among them, discrete and hybrid discrete-continuous mathematical models can incorporate various phenotypes, link genotypes with phenotypes and describe the behavior of each cancer cell individually as it interacts with its microenvironment [13] [14] [15] [16] . Yet, these approaches are computationally expensive and therefore more suitable for small populations. On the other hand, continuous mathematical models are commonly used to describe the growth of large tumors focusing more on the collective, averaged behavior of tumor cells [17] [18] [19] [20] . These approaches usually assume monoclonal tumor populations.
In this work, we extend a previously developed continuous spatial model of monoclonal tumor growth [17, 21] to account for two cancer subpopulations of distinct phenotypic characteristics that play an important role in tumor growth, invasion and metastasis. In particular, we assume a vascularized solid tumor that consists of one more proliferative and another more motile/ invasive phenotype, which are in a constant competition for space and resources within the tumor microenvironment. The construction of the phenotypes is inspired by the proliferation-migration dichotomy mechanism [8, 22] , although a larger spectrum of possible proliferation and motility rates is also investigated. Two different hypotheses are also explored regarding the invasive phenotype. i) In the first, invasion appears as a response to hypoxic conditions in accordance to experimental evidence, which supports that hypoxic stress stimulates tumor cell migration [23] [24] [25] [26] [27] and ii) in the second, the invasive behavior is adopted by a phenotype regardless of the hypoxic levels [10] .
It should be noted that the proliferation-migration dichotomy has also been studied in a framework where the tumor population is assumed to exist in two different phases/states and its dynamics are governed by transition laws for exit and reentrance into these phases [28] . Under this framework, several mechanisms have been proposed to trigger the phenotypic switch in invasive tumors including random process [29] , hypoxic conditions [14] , local cell density [30] and cell-cell repellent mechanisms combined with cell density [16] . In our work, the tumor is assumed to consist of two different clones with distinct phenotypic properties, a more proliferative and a more motile. These phenotypes are considered fixed properties of the populations that do not change throughout tumor evolution. We explore the conditions of dominance and coexistence between the two populations and investigate their effect on tumor growth and morphology.
The model predictions demonstrate a region in the parameter space that reflects the proliferative-invasive tradeoff in the description of the different phenotypes where a transition from the dominance of a more proliferative to the dominance of a more invasive phenotype is observed resembling malignant tumor progression. The results of our work show that early tumor progression is proliferation driven. Yet, at later stage, the increasing limitation of space and resources in tumor microenvironment favors the more motile cells, as motility gives them better access to both resources and free space. However, different microenvironmental conditions and different phenotypic properties can promote or inhibit invasion. The importance of early detecting the genetic composition of an evolving tumor becomes evident.
Materials and Methods
The mathematical model presented in this work describes the spatiotemporal evolution of tumor growth and its microenvironment using a system of coupled, partial differential equations of reaction-diffusion-haptotaxis type.
Microenvironment
The tumor microenvironment and its genetic composition are modeled based on [17, 21] . The microenvironment consists of the extracellular matrix (ECM), f and the vasculature, V, which provides oxygen to tumor cells.
ECM and cell movement. In addition to their random movement, tumor cells can haptotactically migrate to denser areas of ECM [21, 31] . The structure and composition of the ECM affect cell adhesion and motility thus, play a critical role in tumor invasion, morphology and metastasis [32] . Furthermore, in order to facilitate their movement, tumor cells usually produce matrix degrading enzymes (such as Matrix Metalloproteinases) that degrade the ECM locally. Mathematical model predictions have shown [31] that when the macromolecules of the ECM are assumed homogeneously distributed, a symmetric tumor is formed despite of the genetic heterogeneity in tumor population whereas, a random distribution of the ECM might be more realistic and allows the formation of invasive tumor morphologies under specific conditions as seen in real tumors. Therefore, we assume a random distribution of the ECM (0ƒ f x, y ð Þƒ 1), which however for simplicity is not degraded or does not change by any mechanism during tumor growth. Vasculature. To minimize the modeling variables, the vasculature is assumed spatially homogeneous and temporally constant. As can be seen in (1), the oxygen (o) is produced by the existing vasculature at a rate b o , diffuses at a rate D o and is consumed by normoxic and hypoxic cells at a rate c oc and c oh , respectively. The evolution of neovascularization is not taken into account, however by tuning the parameters b o , c oc and c oh , we indirectly affect the vascularization level within the tumor.
Oxygen-dependent cell states
The uneven balance between oxygen delivery and consumption forms regions of limited oxygen. Depending on oxygen availability cancer cells can be normoxic (c), hypoxic (h) or necrotic (n). As proposed in [17] , normoxic cells turn to hypoxic at a rate b when oxygen is insufficient. Hypoxic cells can turn to normoxic at a rate c if re-oxygenated, or turn to necrotic at a rate a h when oxygen becomes inadequate. Although both normoxic and hypoxic cells, when in contact with necrosis, can directly turn to necrotic, to simplify our equations, we ignore this effect. Hypoxic cells do not proliferate. The conversion rates b and c are assumed proportional to cellular proliferation.
Bi-clonal tumor growth model
To account for cellular heterogeneity, the population consists of two distinct phenotypes so that each normoxic sub-population (c 1 and c 2 ) can be converted to its corresponding hypoxic subpopulation (h 1 and h 2 ) and vice versa depending on oxygen availability. Normoxic sub-populations differ with respect to their proliferation rates (r 1 and r 2 ), diffusion rates (D c1 and D c2 ) and haptotactic coefficients (x c1 and x c2 ). The hypoxic sub-populations differ with each other with respect to their diffusion rates (D h1 and D h2 ) and haptotactic coefficients (x h1 and x h2 ). In general, different oxygen consumption rates and normoxic-hypoxic conversion rates could also be assumed between the different phenotypes to account for intratumoral heterogeneity. However, in order to minimize the modeling parameters and focus on those that mainly distinguish the two phenotypes, we assumed that these rates are the same for both phenotypes.
The two phenotypes are in a constant interplay competing for oxygen and space availability. The system of the coupled partial differential equations of the involved species, described in the previous paragraphs, is presented in (1) in a non-dimensionalized form. In (1), T corresponds to the sum of normoxic, hypoxic and necrotic cell populations. The term '1-T' is used in these equations to reflect the inhibition of proliferation and motility due to cellular crowding and prevent the sum of tumor populations to locally exceed the tumor cell carrying capacity.
where c~c 1 z c 2 , h~h 1 z h 2 and T~cz hz n . The distribution of normoxic cells, c x, y, 0 ð Þ , was initialized with a Gaussian function of height equal to 0.9 and standard deviation s x~s y~0 :2 mm, resulting in an initial tumor diameter of approximately 0.6 mm (considering that tumor is detectable when cell density is above 10% of the maximum tissue carrying capacity). It is assumed that initially hypoxic and necrotic cells are not present. The oxygen concentration is initialized at its saturation value (o x, y, 0 ð Þ 1). Vasculature, V, is constant and is assumed equal to one in the entire domain.
The non-dimensionalized form of the system of equations (1) was solved in a 8006800 grid spanning an overall area of L | L, where L = 4 cm. The temporal resolution was set to t = 8 h. Noflux boundary conditions are imposed for all equations. The spatiotemporal solution of the system is approximated by applying the Alternative Direction Implicit method of Finite Differences in two spatial dimensions [33, 34] .
Description of phenotypes
We assume that the initial tumor consists of one more proliferative and another more motile/invasive phenotype. We call the more proliferative phenotype, phenotype 1 and the more motile phenotype alternatively phenotype 2 or phenotype 3 depending on the hypothesis, made for invasion. Specifically, Phenotype 2 is invasive under hypoxic conditions and can thus be regarded as conditionally more motile, while phenotype 3 is unconditionally more motile. Using the bi-clonal tumor growth model, the co-growth between Phenotype 1 and Phenotype 2, as well as the co-growth between Phenotype 1 and Phenotype 3 are explored under different vasculature conditions. The set of all the parameters used in our simulations are in accordance to [17, 21] and depicted in Table 1 . Additionally, Table 2 shows the exact parameters used to describe each phenotype, although a range of various proliferation and motility rates is also investigated. Phenotype 1 is highly proliferative (r 1 = r), but less invasive (D c1 = D h1 = 0.1D g , x c1 = x h1 = 0) than phenotype 2 and phenotype 3. Phenotype 2 is less proliferative (r 2 = 0.8r) than phenotype 1 and invasive under hypoxia (D c2 = 0.1D g , D h2 = D g , x c2 = 0, x h2 = x), while phenotype 3 is even less proliferative (r 2 = 0.4r) than phenotype 2, yet unconditionally invasive
Intra-tumor vasculature
Tumor growth is studied under two relatively different vasculature conditions. Specifically, we assume a poorly-vascularized tumor where vasculature has not been established very effectively and a well-vascularized tumor with a relatively more effective development of vasculature within the tumor. As neovascularization has not explicitly modeled, we indirectly affect the vascularization level within tumor by varying the oxygen consumption rates. In the poorly vascularized case study, the parameters for the oxygen uptake rates are shown in Table 1 . On the other hand, in order to mimic a more vascularized tumor, we reduced the oxygen consumption rates to 1/10 of their original values. Even with the established vasculature, as tumor grows in size, oxygen supply becomes inadequate and areas of hypoxia and necrosis are developed within tumor. The difference between the poor and well vascularized simulated conditions lies in the more or less rapid hypoxia onset, respectively.
Results

Hypoxia-induced invasive phenotype dominates highly proliferative one
In our first set of experiments, we investigate the growth of a tumor that consists of a proliferative and hypoxia-driven invasive phenotype, under both poor and well vascularized conditions. Thus, the in-silico tumor initially consists of phenotype 1 and phenotype 2, as outlined in Materials and Methods section. Phenotype 1 is assumed abundant in the initial population c 1 (0):c 2 (0) = 0.95:0.05 to emphasize our outcomes, although equal-sized initial populations were also simulated and produced similar results.
Poorly-vascularized growth conditions. Figure 1A shows the evolution of the normoxic sub-population of each phenotype. Phenotype 1 initially dominates in the population, while phenotype 2 only slightly grows. However, very rapidly after the onset of hypoxia (within 50 days of simulated tumor growth) both phenotypes coexist in abundance and after this time period, phenotype 2 becomes dominant resulting in the final elimination of the normoxic sub-population of phenotype 1. It should be noted that hypoxic cells of phenotype 1 can still be found in the tumor population ( Figure S1 ), indicating that this balance could be changed if the vascularization level within the tumor changes. In addition to the temporal evolution, the spatial distribution of the two evolving phenotypes is also interesting showing how these populations are located within the tumor. As can be seen in Figure 1B , at day 50, phenotype 1 spatially dominates over phenotype 2, while both phenotypes are widely distributed in the tumor. However, after 200 days of simulation, phenotype 1 is strictly located in the center covering an area of radius 0.35 cm approximately, while phenotype 2 has been expanded and located at tumor edges forming the invasive front of length 0.9 cm approximately.
Throughout the transition from the dominance of the more proliferative to the dominance of the more invasive phenotype, the morphology of the simulated tumor also switches from a solid and circular tumor to a highly diffusive tumor (Video S1). A snapshot of the spatial distribution of viable (normoxic and hypoxic) cells at day 200, is illustrated in Figure 1C . Due to the rapid dominance of the invasive phenotype, the density of the viable cells is relatively low. As expected, denser areas of viable cells are located at tumor edges, while morphological instabilities in the tumor front are formed, as phenotype 2 moves to local gradients of the extracellular matrix.
Well-vascularized growth conditions. In the well-vascularized tumor experiments, the appearance of hypoxia is significantly delayed resulting in a delayed dominance of the invasive phenotype. As can be seen in Figure 1D , while phenotype 1 initially dominates and phenotype 2 slightly grows, after about 100 days of simulated tumor growth, both phenotypes are abundant. Thereafter, phenotype 2 becomes dominant, while the population of phenotype 1 is reduced to near extinction. The progressive dominance of phenotype 2 is evident in both normoxic ( Figure 1D ) and hypoxic subpopulations ( Figure S3 ). As shown in Figure 1E , the spatial distribution of the two evolving phenotypes shows that at day 200, phenotype 1 is restricted in the tumor center, which radius is 0.63 cm approximately, whereas phenotype 2 dominates at tumor edges composing the invasive front of length 0.62 cm approximately. The tumor diameter at day 200 is similar in size with the poorly-vascularized tumor ( Figure S2 and Figure S4 ), which is approximately equal to 2.5 cm. Figure 1E also shows that under well intra-tumor vascularization, the spatial extent of phenotype 1 is larger and the density of the invasive cells in the tumor front are considerably higher than in the poorlyvascularized tumor (shown in Figure 1B ), which is expected as the prolonged period with plenteous oxygen promotes cellular growth. Furthermore, the distribution of the density of the viable cells at day 200 ( Figure 1F ) is considerably more dense and solid compared with the poorly-vascularized tumor ( Figure 1C ). The evolution of the viable cells from the beginning of the simulations can be seen in Video S2.
The simulations combined show that although the proliferative phenotype initially outgrows, after the onset of hypoxia, the hypoxia-induced invasive phenotype becomes the dominant subpopulation in both well-and poorly-vascularized tumors even when it is less frequent in the initial population. The simulations also show that phenotype 1 is strictly located in the center, while phenotype 2 lies at tumor edges. As expected, the onset of hypoxia is important for the outgrowth of the invasive phenotype and poor intra-tumor vascularization promotes its dominance. Additional experiments ( Figure S5 , Text S1) demonstrate that when phenotype 1 and phenotype 2 co-grow under normoxic conditions, phenotype 1 is favored instead, while phenotype 2 is trapped in the tumor core and its growth is stalled. Furthermore, experiments where we change the initial period of normoxia ( Figure S6 , Figure S7 and Text S1) also show that the exact timing of the hypoxia onset is also critical. If the normoxic period lasts long enough, the growth of phenotype 2 is stalled. Interestingly, the population dynamics can also change, if oxygen becomes plentiful after some point in time ( Figure S8 , Text S1).
Normoxia accelerates the dominance of the unconditionally invasive phenotype
In this set of experiments, we consider the co-growth of a more proliferative and unconditionally more motile phenotype, under both poor and well vascularized conditions. The initial tumor thus, consists of the proliferative phenotype 1 and the invasive phenotype 3 (Table 2) . Again, in all the experiments, the proliferative to invasive initial population ratio is c 1 (0):c 2 (0) = 0.95:0.05. However, equal-sized initial populations were also simulated and the results were similar.
Poorly-vascularized growth conditions. The concentration of the normoxic sub-populations of each phenotype over time is shown in Figure 2A . For a very long period from the beginning of the simulations, phenotype 1 dominates within tumor, while phenotype 3 appears non-growing as if asleep. Surprisingly however, after approximately 150 days, phenotype 3 starts to rapidly grow and dominate in the population, while the population of phenotype 1 declines. It should be noted that the corresponding hypoxic sub-populations of the two phenotypes show similar dynamic behavior, yet a transition from the dominance of the proliferative to the dominance of the invasive phenotype does not occur within 240 days of tumor growth simulation ( Figure S9 ). The spatial distribution of the two evolving phenotypes is illustrated in Figure 2B . Although the spread of the invasive phenotype at tumor edges can be seen in Figure 2B and Figure 2C , the spatial dominance of the proliferative phenotype is evident in almost the whole tumor domain. The total tumor diameter at day 200 is approximately 1.9 cm, while the invasive protrusions have a length approximately equal to 0.25 cm. Figure 2C illustrates the spatial distribution density of the viable cells at day 200, whereas its evolution from the beginning of the simulations can be seen in Video S3. Well-vascularized growth conditions. Figure 2D shows the evolution of the normoxic sub-populations of the two phenotypes under well-vascularized tumor growth conditions. Similarly with the poorly oxygenated tumor, a transition in the dominant population is observed from phenotype 1 to phenotype 3 during tumor growth. However, the dominance of the invasive phenotype is observed in both normoxic ( Figure 2D ) and hypoxic sub-populations ( Figure S11 ) and appears approximately 50 days earlier in the normoxic population than in the poorly vascularized tumor indicating that tumor vascularization is important to compensate for the significantly reduced proliferative capacity of the invasive phenotype. At day 200, the tumor diameter is approximately equal to 2.4 cm, contrary to the poorly-vascularized tumor, which is smaller in size of approximately 1.9 cm in diameter ( Figure S10 and Figure S12 ). Figure 2E shows the spatial distribution of the two evolving phenotypes under well-vascularized growth conditions. At the beginning of tumor growth (fictitious day 50), phenotype 1 spatially dominates over phenotype 3, whereas both phenotypes are distributed in the whole tumor domain. However, after 200 days of growth, phenotype 1 is mainly located in the tumor center covering an area of radius 0.44 cm approximately, while phenotype 3 dominates at tumor edges forming an invasive front of length 0.49 cm approximately. As tumor progresses and the dominance of phenotype 1 switches to the dominance of phenotype 3, its geometry significantly changes from a compact and almost spherical shape to a more diffusive and fingered morphology (Video S4). Figure 2F illustrates the spatial distribution density of the viable cells at day 200.
Overall, the simulations show that when phenotype 1 and phenotype 3 co-grow, the former initially dominates but the latter eventually outgrows and becomes the dominant sub-population under both well-and poorly-vascularized tumors. The progressive dominance of phenotype 3 results in a morphology change from a spherical shape to a tumor with morphological instabilities. Compared to phenotype 1, phenotype 3 is (unconditionally) more invasive yet, with significantly reduced proliferative capacity. To compensate for its significantly reduced proliferative capacity and gain time to increase its population, a prolonged normoxic period is crucial for the faster dominance of phenotype 3. Contrary to phenotype 2, normoxia, allows the dominance of phenotype 3 and accelerates its onset ( Figure S13 ).
Tradeoff in proliferation and invasion rates
The next question that naturally arises, concerns whether the progressive dominance of the invasive phenotype, observed in our previous experiments, is the result of the specific cellular properties (diffusion and proliferation rates) assigned on phenotypes. Therefore, we explore the dynamics of tumor populations as we vary the proliferation rate (r Ã 2 ) and the diffusion rate (D Ã 2 ) of the invasive phenotype, while keeping the rates of the proliferative, phenotype 1 constant. Furthermore, the haptotactic coefficient assigned to each newly constructed invasive phenotype has been kept the same (x c2 = x h2 = x).
As we have already mentioned, the invasive phenotype can be either conditionally more invasive of type of phenotype 2 or unconditionally more invasive of type of phenotype 3. In the following experiments, we call the phenotype that is constructed when we assign different diffusion and proliferation rates from phenotype 2, phenotype 2* and phenotype 3* respectively for alterations in the rates of phenotype 3. The co-growth between phenotype 1 and phenotype 2* as well as between phenotype 1 and phenotype 3* are explored under both poor and well vascularized growth conditions. In this set of experiments, the two phenotypes under study are initially equal-sized. Figure 3 summarizes the regions in the parameter space where each phenotype dominates for each case we just mentioned. Specifically, in the relative proliferation-invasion rate map of Figure 3 , the parameter pairs ( r
at which phenotype 1 dominates throughout tumor growth are depicted with blue color, while the dominance of the invasive phenotype, phenotype 2* or phenotype 3* is illustrated with red color. On the other hand, the green color corresponds to parameter values where a transition from the dominance of phenotype 1 to the dominance of the invasive phenotype is observed at some point throughout tumor evolution, where the two phenotypes are in a relative abundance. Figure 3A and Figure 3C correspond to the poorly-vascularized growth conditions, while Figure 3B and Figure 3D correspond to the well-vascularized conditions. Slight differences can be observed between the two conditions. However, what is mainly observed is a difference between phenotype 2* ( Figure 3A and Figure 3B ) and phenotype 3* ( Figure 3C and Figure 3D ) with respect to the area each of them covers in the parameter space. Although phenotype 1 dominates in most areas of the parameter space explored, phenotype 3* relative to phenotype 2* covers a larger area of the parameter space indicating that an unconditionally invasive phenotype has a wider range of combinations for proliferation and diffusion rates that allows it to dominate when it co-grows with phenotype 1. Furthermore, the simulations demonstrate that a transition from the dominance of the proliferative to the dominance of the invasive phenotype is observed when the proliferation-invasion tradeoff is captured in the description of the two phenotypes; otherwise, a single phenotype dominates throughout tumor evolution. The negative relationship between proliferation and invasion is particularly evident in the unconditional invasion hypothesis ( Figure 3C and Figure 3D ). Interestingly, the transition in the dominance of the two phenotypes can be achieved within a narrow region of the relative invasionproliferation space and approximated by a linear function showing that keeping the relative ratio of the growth rate to diffusion coefficient fixed, similar dynamics could be obtained. On the contrary, the proliferation-invasion tradeoff conditions are looser when invasion is hypoxia-driven, allowing thus higher variance in the potential diffusion rate of the invasive phenotype for a particular proliferation rate. Not surprisingly, the reduction in the proliferative capacity of the unconditionally invasive phenotype (phenotype 3*) can be significantly higher than that of the hypoxiadependent invasive phenotype (phenotype 2*) because the phenotypic properties of the former allow better accessibility to vital oxygen. Further decrease in the proliferative capacity of the invasive phenotype, prevents its growth when it competes with the highly proliferative phenotype. On the other hand, a phenotype, which is both highly invasive and highly proliferative, immediately dominates over the proliferative, non-invasive phenotype. Further details and additional simulations with respect to the proliferationdiffusion rate maps can be found in Figure S15 -S16 and Text S2.
Discussion
In this work, we extend a previously developed monoclonal continuous spatial model of tumor growth [17] to account for polyclonal cell populations. As a starting point, we assume two cancer subpopulations, which form the initial tumor and have distinct phenotypic characteristics that do not change throughout tumor evolution. These different cancer populations are in a constant competition for space and resources within the tumor microenvironment.
Utilizing the proposed bi-clonal model, we specifically investigate the interplay between proliferation and invasion and explore the co-evolution of distinct phenotypes with these properties, the conditions of their dominance and coexistence under competition as well as their effect on tumor growth and morphology. In particular, we assume that the tumor consists of one more proliferative phenotype and another more motile/invasive. The construction of the phenotypes is inspired by the proliferationmigration dichotomy [8, 22] , although a larger spectrum of combinations for proliferation and motility rates is also investigated. Regarding the invasive phenotype, two different hypotheses are explored. In the first, invasion appears as a response to hypoxic stress and in the second, the invasive behavior is adopted by a phenotype unconditionally. In all simulations, a vascularized solid tumor has been assumed, although vascularization has been implicitly introduced and its mathematical representation has been oversimplified. Tumor evolution is studied under poorly and well vascularized growth conditions. Both conditions develop hypoxia within the tumor, but imply a less or more rapid initiation of hypoxia, respectively.
Our model simulations demonstrate the malignant development of an initially small tumor and show that early tumor progression is proliferation driven but, as tumor grows, the increasing competition for space and resources favors the more motile cells. At the early stages of tumor growth, proliferative cells dominate and supplant invasive cells, which lying as if dormant during this period. However, as tumor grows the invasive phenotype outgrows and dominates in the population. When the proliferative cost applied on the invasive phenotype is considerably large, yet not too large, the simulations have revealed a transition from the dominance of the proliferative to the dominance of the invasive phenotype and a time period where both subpopulations are abundant. Further simulations have also shown that a decrease in the motility of the invasive cells must be followed by a proper increase in their proliferative capacity to achieve similar population dynamics. If there is not such a tradeoff, the phenotype, which is both highly invasive and highly proliferative, immediately dominates over a non-invasive phenotype. It should also be noted that a monoclonal tumor where adaptation or mutations are allowed to occur throughout tumor evolution can obtain similar transition dynamics as for example phenotype 2, which becomes invasive under hypoxia. Nevertheless, in addition to mutation effects and environmental pressure for adaptation on a phenotype, growing experimental evidences support that tumors are highly heterogeneous [2] even from their origin [10] making interactions among phenotypes and their environment inevitable.
Not surprisingly, the evolution of the invasive phenotypes depends on the oxygenation level within tumor as the escape of tumor cells from the nutrient limited core allows greater access to oxygen. In the case where the more proliferative phenotype (phenotype 1) co-grows with the hypoxia-induced invasive phenotype 2, hypoxia becomes a critical factor for the outgrowth of phenotype 2. In fact, under normoxic conditions, phenotype 2 is trapped in the tumor core and its growth is stalled. On the other hand, when phenotype 1 co-grows with the unconditionally more motile phenotype 3, we observe that normoxia actually accelerates the dominance of phenotype 3, as it allows it to compensate for its significantly reduced proliferative capacity and gain time to increase its population. Additionally, the co-growth between the different types of invasion is also interesting. Further analysis has revealed that under competition, phenotype 2, which is hypoxiadriven invasive, dominates the unconditionally invasive phenotype 3, in both well and poorly vascularized tumor growth conditions ( Figure S14 ). Furthermore, comparing the growth evolution between monoclonal and bi-clonal tumors is also revealing ( Figure  S17 and Figure S18 ). Among monoclonal populations, phenotype 2 outperforms, under both poor and well vascularized conditions, while phenotype 1 and phenotype 3 alternate in performance depending on the conditions. In bi-clonal tumors, the growth curve of the total population follows the dynamics of the fastest phenotype, although it is evident that coexistence affects each other's growth.
The transition from the dominance of the proliferative to the dominance of the invasive phenotype is also followed by a morphological transition resembling tumor progression to higher grades of malignancy. In particular, during the period where the proliferative phenotype dominates a compact, circular tumor is formed, while the dominance of the invasive phenotype is characterized by the formation of diffusive tumors with morphological instabilities and finger-like protrusions that appear as tumor cells move to local gradients of the extracellular matrix. Apart from the noticeable morphological differences, tumor crosssections are also revealing as they show the spatial distribution of the sub-populations during tumor evolution. At the early period of tumor growth the proliferative phenotype spatially dominates over the invasive phenotypes. However, as tumor grows, the proliferative phenotype is mainly restricted in the tumor bulk, while the invasive phenotypes dominate at tumor edges under both well and poorly vascularized tumor conditions, an observation, which is supported experimentally by the identification of genes with significantly different expression in isolated glioma cells from the invasive edge and from the tumor core [7] . Depending on the experimental setting, the different phenotypes can be considerably more or less dispersed within tumor allowing the invasive front to range from approximately 0.4 cm to 1 cm, whereas the density of the cells comprising the invasive front might be below the threshold of detection by conventional imaging method (e.g. T2 threshold of detection is approximately 16% of the maximal tissue carrying capacity) thus, misleading diagnosis and complicating the prognosis. These observations emphasize the need for mathematical modeling and stress out the fact that multiple biopsies are required in clinical practice for more accurate prognosis, grading and therapy planning and ideally should be taken across both different time points and different spatial regions within the same tumor as also proposed in [9] .
The simulations have also confirmed that the radial rate of tumor expansion is approximately constant, as has been observed in gliomas [35, 36] and predicted different constant rates for the different periods of dominance. Within 200 days of simulation time, the in-silico tumor has increased approximately from 0.6 mm to 2.0-2.5 cm in diameter with expansion rate, which ranges from 0.093 mm/day to 0.123 mm/day depending on the specific experimental settings. In all cases, the expansion velocity during the dominance of the more invasive phenotype was higher than the velocity estimated in the period where the more proliferative phenotype dominates ( Figure S2 , Figure S4 , Figure  S10 and Figure S12 ) reflecting their different kinetics.
However, it should be noted that although some general properties of tumor evolution and morphology are captured in our simulations, real tumors are highly more heterogeneous and complex and considerably less well-defined and symmetric to allow any direct comparison. In reality, oxygen is not homogeneously provided, but depends on blood vessel characteristics. Furthermore, real tumor vessels are highly chaotic, tortuous, dilated and leaky with increased variance in blood flow that lead to further heterogeneity in oxygen supply. In addition to vasculature heterogeneity, the complex structure and composition of the ECM play a critical role in tumor invasion, morphology and metastasis [32] as they affect cell adhesion and motility through mechanisms known as haptotaxis and haptokinesis. The ECM is remodeled during tumor growth and tumor cells produce matrix degrading enzymes that degrade it locally to further facilitate their movement. As already mentioned, in order to keep our model simple, we assumed a random distribution of the ECM, which is not degraded or remodeled by any mechanism but remains unchanged throughout tumor growth. It is important to mention that when ECM degradation will be included it will probably favor further the invasive phenotypes. On top of all that, we should also mention that because of the increased solid stress coming from tumor growth and ECM remodeling, additional forces act on both tumor cells and blood vessels that can further affect tumor microenvironment, tumor progression and morphology.
Taken all together, it becomes clear that the combined interplay between the environment and the specific characteristics of the phenotypes should be taken into account for the prediction of tumor evolution as different micro-environmental conditions and different phenotypic properties may promote or inhibit invasion, while it questions the efficacy of anti-cancer treatment that targets the highly proliferative cells only or the microenvironment. Nevertheless, the ability to early detect the genetic composition of an evolving tumor long before it outgrows in the population could significantly improve prognosis.
Future directions
This study extends the modeling of tumor growth that considers monoclonal cancer cell populations to polyclonal tumors and attempts to describe the coexistence of proliferative and invasive phenotypes as both types play an important role in tumor progression, invasion and metastasis. In spite of that, the presented bi-clonal model can be used to explore different physiological tradeoffs and can be easily extended to a polyclonal model in order to describe alternative forms of phenotypic heterogeneity within a tumor. A variety of different phenotypic characteristics and metabolic capabilities such as different oxygen consumption rates, proliferation rates and growth dependences on additional vital nutrients could also be assumed between the subpopulations to account for intra-tumor heterogeneity.
As a first step, we have made many simplifications in the description of the model with the aim to minimize the complexity, assumptions and modeling parameters, while we focus on those that mainly characterize the two phenotypes, affect their evolution and describe their competitive interactions with the tumor microenvironment. These simplifications include the predetermined, non-evolving properties of phenotypes, the static density of the extracellular matrix, and the oversimplified mathematical representation of the cell-matrix interactions, the vasculature and oxygen dynamics. A more realistic adaptation though can include the angiogenic cascade presented in [17, 37] and the dynamic deformation of the extracellular matrix as described in [31] . In addition, it has been reported that cancer cells not only compete for space and resources by communicating with their microenvironment, but also communicate with each other [4] through, for example, autocrine and paracrine signaling [15, 38] . Such an intra-population communication plays an important role in tumor evolution that could be incorporated in future simulations. 
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